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Abstract. We prove new transfer principles for motivic exponential 
functions. Where the first such transfer principle of [R. Cluckers, F. 
Loeser, Constructible exponential functions, motivic Fourier transform 
and transfer principle, Ann. Math., 171, 1011-1065 (2010)] treats equal- 
ities between integrals, the new transfer principles allow one to change 
the characteristic of the local field when studying integrability and bound- 
edness conditions. All these transfer principles have applications in the 
Langlands program. Further we have a theme of results, connecting loci 
of integrability and loci of boundednes with zero loci and giving new 
integration results in various settings. 



1. Introduction 

In this paper we present new transfer principles for motivic exponential 
functions that allow one to transfer integrability and boundedness conditions 
from zero characteristic to positive characteristic local fields, and vice versa. 
These functions were introduced by F. Loeser and the first-named author in 
[9], where a first transfer principle for motivic exponential functions, dealing 
with equalities of integrals, was also established. Let us start by giving 
simple versions of these transfer principles. 

In a simplifying approach to motivic exponential functions, one may con- 
sider finite collections of (first order) definable functions /j, gij, and hi in the 
language of valued fields (for example, polynomials in Z[xi, . . . which 
could be considered as functions K on a. Cartesian power of the 

valuation ring of any valued field K), with the gij non- vanishing. Suppose 
that each of these functions has the same definable set X as domain and 
takes values in the valued field. A drastically simplified motivic exponential 
function may then be seen as a mere formal expression F of the form 

Y,\fi\-E{hi)Woid{g,,). 
i 3 
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For any non-archimedean local field K of large enough residue field charac- 
teristic, and for any non-trivial additive character ip : K ^ C^, one then 
obtains an actual, set-theoretic function 

Fk,^ : Xk ^ C : X \ fiK{x)\ip{hiK{x))^ord{gijK{x))., 

i 3 

where the symbols have their obvious meaning as norm and valuation on 
and where Xk^ fiK, and so on, mean interpretation of X, fi, and so on, in 
K. In pj, the non-simplified version of these motivic exponential functions 
are studied in relation to integration over local fields. To explain the ideas of 
the transfer principles, the simplified version of motivic exponential functions 
can serve very well as an intuitive guide. 

Transfer principle of [9j. Suppose that is a local field of 
sufficiently large residue field characteristic. Then, whether 

Fx^^p is identically zero for each ip 
holds or not, depends only on the residue field of K. 

This transfer principle of |9] is shown to apply to the Fundamental Lemma of 
the Langlands program in [6] , which yields a general approach to proving that 
the Fundamental Lemma in characteristic zero follows from the Fundamental 
Lemma in positive charactersitic proved by Ngo [22], as an alternative to 
the approach by Waldspurger |26) . In this paper we study new transfer 
principles: 

Transfer principle for integrability. Suppose that the 
domain X^ of Fx^tjj is a subset of for each local field K. 
Then, as soon as the residue field characteristic is sufficiently 
large, whether 

Fk^^I) is integrable over Xk for each ip 
holds or not, depends only on the residue field of K. 

The same statement is shown for local integrability, and it is shown also in 
families of motivic functions, which is very important for applications. 

Transfer principle for boundedness. Suppose that K is 
a local field of sufficiently large residue field characteristic. 
Then, whether 

FK,t(> is a bounded function on Xk for each ip 
holds or not, depends only on the residue field of K. 

Also the transfer principle for boundedness is shown in a family version, see 
Theorem 14.4.21 

Before giving a more complete version of our new transfer principles, let 
us give some context. In his Princeton lecture series in the early seventies, 
Harish-Chandra introduced what are now called Harish-Chandra characters 
of irreducible smooth representations of connected reductive p-adic groups, 
and he proved in the characteristic zero case that these characters are lo- 
cally integrable, see |18] . Moreover, still in the characteristic zero case, he 
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obtained boundedness and local boundedness results for several functions re- 
lated to Harisli-Chandra characters. The positive characteristic analogues of 
many of these results remained open, although some special cases have mean- 
while been established, for example for GL„, see |25| and [20j. These open 
questions were the original motivation for our new transfer principles, which 
represents, as far as we can see, the first general strategy to prove this type of 
results for large characteristics. In [5], we indeed use the new transfer prin- 
ciples to show that Harish-Chandra characters are locally integrable around 
the unit for admissible representations of unramified reductive groups, and 
we prove several boundedness results in large positive characteristic. 

Note that integrability questions for oscillatory integrals are often very 
subtle. Let us also stress that these transfer principles are not first order 
statements in any obvious setting, and so, one has to rely on more geometric 
and number theoretic techniques than for example for the original Ax-Kochen 
principle pLj, which is more model theoretic. 

One of the crucial points in which the non-simplified motivic exponential 
functions differ from the above simplified presentation, is that they can also 
invoke formal descriptions of finite field exponential sums, namely over some 
definable subsets of the residue field. Given a non- Archimedean local field K, 
let T>x be the collection of additive characters of the field K, trivial on A4k 
and non-trivial on Ok, that project to a fixed character of the residue field 
under the reduction map, see ^4. II below. Using the notation of |i9j which is 
recalled below in Section 14.21 we can state a version without parameters of 
the main result of this paper, the new transfer principles. 

Theorem 1.0.1. Let f be a motivic exponential function in ^^^P{h[n, 0,0]). 
Then, there exists M > such that for all non-archimedean local fields K 
with residue characteristic larger than M , the truth of each of the following 
statements 

1) /x,?/) '■ C is integrable for all additive characters 
ip : K ^ that lie in T>k, 

2) fK-ij} ■ C is locally integrable for all additive 
characters ip : K ^ that lie in "Dk, 

3) fK,tp '■ —?■ C is bounded for all additive characters 
tp : K ^ that lie in T)k, 

4) fx,-^ '■ C is locally bounded for all additive char- 
acters ip : K ^ that lie in Vk, 

depends only on the isomorphism class of the residue field of K. 

Here, we formulated the result for functions on K"^. However, any vari- 
ety V over Ok comes with a canonical measure on V{K) and by general 
methods. Theorem II . . II implies the same result for functions on V{K). 

See Theorems 14.4.11 and 14.4.21 and their corollaries for the family versions 
of Theorem II. 0.11 In fact, we have a theme of results related to integration 
that we implement in various settings: first in the case of summation over the 
integers in Section [21 then for p-adic integration in Section [3l and finally for 
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motivic integration in Section |4l In this theme we study several kinds of loci, 
like loci of integrability, loci of boundedness, and loci of identical vanishing 
(all defined in Section ll.ip . and we connect these loci with ordinary zero 
loci for several classes of functions. Further we give more general integration 
results than several results of [8] and [9] and we give general interpolation 
results of given functions by integrable functions. A part of this theme has 
also been implemented recently in the Euclidean setting in pT] and [10]. 
For us, the largest difficulties come from the additive characters and their 
oscillatory behavior, which are absent in the first part about summation over 
the integers. 

In Sections 11.1 and 11.2 of [19j, Hrushovski and Kazhdan study distribu- 
tions in a motivic way, and address integrability issues via a renormalization 
process by integrating on sets with increasing size. Taking advantage of 
cancelation on these sets due to oscillation, Hrushovski and Kazhdan can 
neglect difficulties of Lebesgue integrability. In contrast, we fully address 
L^-integrability, and avoid averaging processes completely. 

1.1. We begin by giving the general definitions of loci of integrability, of 
boundedness, and of identical vanishing. For arbitrary sets A C X x T and 
X e X, write for the set of t e T with {x,t) e A. For g : A C X xT B 
a function and for x € X, write g{x,-) for the function A^ B sending t to 
g{x,t). 

Let T and X be arbitrary sets, and let / : X x T ^ C be a function. 

Definition 1.1.1. Define the locus of boundedness of f in X as the set 

Bdd(/,X) ■= {xeX \ /(x, •) is bounded on T}. 

Define the locus of identical vanishing of f in X as the set 

Iva{f,X) := {x E X I f(x, •) is identically zero on T}. 

If moreover T is equipped with a complete measure, we define the locus of 
integrability of f in X as the set 

Int(/, X) := {x € X I /(x, •) is measurable and integrable over T}. 

This definition will mainly be applied to the counting measure on Z, to the 
Haar measure on Qp normalized such that Zp has measure 1 , and to Cartesian 
product measures of these. For sets Ai,A2,X and functions fi : Ai ^ X, 
a function g : Ai ^ A2 is said to be over X when g makes a commutative 
diagram with the maps fi to X. Often, the fi will be coordinate projections. 

2. SUMMABILITY OVER THE INTEGERS 

Summation over the integers and the results presented in this section are 
important for us since they lie behind p-adic integration: several of the p- 
adic results of Section [3l and even some of the motivic results of Section HI 
will be reduced to results of this section. 
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2.1. Presburger with base q. In this section, let g > 1 be a fixed real 
number. 

By a Presburger set, one means a subset of for some m > which can 
be described by a Boolean combination of sets of the following forms 

{x G Z'" I f{x) > 0} 

{x G Z™ I g{x) = mod n}, 
where / and g are polynomials over Z of degree < 1, and n > is an integer. 
A Presburger function is a function between Presburger sets whose graph 
is also a Presburger set. A Presburger function is called linear if it is the 
restriction of an affine map — > Q^. We write N for the set of non-negative 
integers € Z | z > 0}. 

Definition 2.1.1. Define the subring Ag C M as 

1 



Ag = Z 



q,q 



For S a Presburger set, let Vq{S) be the A^-algebra of Ag-valued functions 
on S generated by 

(1) all Presburger functions a : S* — t- Z, 

(2) the functions g'^ : S" — )• Ag : s i— >■ for all Presburger functions 
/3 : S ^ Z. 

The functions in Vq{S) are called Presburger constructible functions on S 
(with base q). Note that a general function in Vq{S) is of the form 

N Mi 

i=i j=i 

with the aij and /3j Presburger functions 5" — > Z, and the ai elements of 
Kq. The constants will be needed in Ag to make the framework closed 

under summation; see Theorem 12.1.61 

By the quantifier elimination results of |24| . the image of a Presburger set 
under a Presburger function is again a Presburger set, as are finite intersec- 
tions, finite unions, and complements of Presburger sets. The situation for 
zero loci of Presburger constructible functions is much more delicate. For 
finite unions and finite intersections there is no difficulty, as follows. 

Lemma 2.1.2. Consider zero loci 

A, = {seS\ his) = 0} 
for some hi E Vq{S), some Presburger set S, and i = 1, . . . , N . Then 

N N 

Pi Ai, resp. [J Ai 

i=l i=l 

is the zero locus of a function in Vq{S). 
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Proof. One can just take the sum of the squares, resp. the product, of the 
hi. □ 

Note that any Presburger subset A oi S appears as the zero locus of a 
Presburger constructible function on S (namely, of the characteristic function 
of the complement of A). However, for h G Vq{S), the complement of 

Bh = {seS \ h{s) = 0} 

in S is not always equal to the zero locus of some function in Vq{S). Still, 
zero loci of Presburger constructible functions are closely related to loci of 
integrability, of boundedness, and of identical vanishing. Indeed, the zero loci 
of Presburger constructible functions are exactly the sets that arise as loci 
of integrability (against the counting measure) of Presburger constructible 
functions, and similarly for the loci of boundedness and of identical vanishing. 

Theorem 2.1.3 (Correspondences of loci). Let f be in Vq{S x Z*") for some 
Presburger set S and some m > 0. Then there exist hi, /12 and h^ in Vq{S) 
such that 



(2.1.1) Int(/, 5) = {s G S I hi{s) = 0}, 

(2.1.2) Bdd(/, S) = {seS\ h2{s) = 0}, 
and 

(2.1.3) lYa{f,S) = {s£S\h3{s) = 0}, 



where integrability in \2.1.1]) is with respect to the counting measure on TIT^ . 

Remark 2.1.4. Theorem 12.1.31 implies that the classes of sets which can ap- 
pear as different kinds of loci for Presburger constructible functions are all 
equal, since for any given function h in Vq{S), there exists / G 'Pg(S' x Z) 
such that 

{s G 5 I h{s) = 0} = Int(/, S) = Bdd(/, S) = lva{f, S). 

Indeed, one can take f{s,y) = h{s) ■ y. Hence the name correspondences of 
loci for Theorem 12.1.31 

One can interpolate Presburger constructible functions by Presburger con- 
structible functions with maximal locus of integrability, as follows. 

Theorem 2.1.5 (Interpolation). Let f be in'Pq{S xT^"^) for some Presburger 
set S and some m > 0. Then there exists g in Vq{S x Z™) with l'n.t(g, S) = S 
and such that f{s, y) = g{s, y) whenever s lies in Int(/, S). 

The following result on stability of Vq under summation generalizes Theorem- 
Definition 4.5.1 of [8] which in turn goes back to Lemma 3.2 of [12]. Theorem- 
Definition 4.5.1 of [8] is the special case of Theorem 12 . 1 .6l for which Int(/, S) = 
S. 
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Theorem 2.1.6 (Integration). Let f be in Vq{S x Z*") for some Preshurger 
set S and some m > 0. Then there exists a function g G 'Pq{S) such that 

whenever s G Int(/, S). 

Before proving Theorems I2.1.3| 12.1.51 and 12.1.61 give some auxiliary 
results. The first auxiliary lemma is a direct corollary of Wilkie's Theorem 
of |27 ] on the o-minimality of the real number field with the exponential 
function. 

Lemma 2.1.7. Let h : M>o — >■ M 6e a function of the form 

r 

h{x) = y^^Cix"-'bi, 
1=1 

where the ai,bi,Ci are real numbers, the Ci are nonzero, and r > 1. Suppose 
that the pairs {ai,bi) are mutually different for different i. Then the number 
of zeros of f is bounded by a constant only depending on r. 

Proof All functions h of the above form but with fixed r are members of 
a single definable family of functions with discrete zeros in the o-minimal 
structure of the real number field enriched with the exponential function. 
Now just note that discrete sets which appear as members of a family of 
sets in an o-minimal structure are finite and uniformly bounded in size, 
cf. [15|. □ 

Lemma 2.1.8. Let h : N"^ — > M 6e a function of the form 

r m 

h{x) = aq^^^^^^-^^^^r. -Q 

i=l j=l 

where the Ci are nonzero real numbers, the aij and bij are integers, Oij > 0, 
m > 1, and r > 1. Suppose that the tuples {an, . . . ,aim,bii, . . . ,bim) are 
mutually different for different i. Then h is not identically zero. Further, 
h is summable over if and only if bij < —1 for all i,j. Finally, h is 
bounded if and only if at the same time all bij are < and for each i,j with 
bij = one has aij = 0. 

Proof. That h is not identically zero easily follows by induction on m and 
by Lemma 12.1.71 for the case m = 1. If all the bij are < then clearly h is 
summable. For the other direction, suppose that h is summable but some 
bij is > 0, say, bn > 0. We may suppose that bu is maximal among the bij. 
Put / = {i I bii = We may suppose that an is maximal among the an 

with i G I. Put J = {i G L \ an = an}. Then the function 

m 

ieJ j=2 
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must be identically zero on N"^ by the summability of h, which is impossible 
by the first statement of the lemma. The statement about boundedness is 
obtained similarly. □ 

The following result of f2] will be the basis of the results in this section. 

Theorem 2.1.9 (Parametric Rectilinearization Let S and X C S x IT^ 

he Presburger sets. Then there exists a finite partition of X into Preshurger 
sets such that for each part A, there is a set B C S x Z™ and a linear 
Presburger bijection p : A —?■ B over S such that, for each s € 5, the set Bg 
is a set of the form Ag x for a finite subset As C N™^^ depending on s 
and for an integer i >0 only depending on A. 

Recah that Bg in Theorem [2X9] is the set {z E Z*" | (s, z) G B}, and 
that for p to be over S means that p makes a commutative diagram with the 
projections from A and B to S, see Section [1.11 

Proof of Theorems \2.1.3\ and \2.1.'R We first prove existence of /13 as in (|2.1.3p . 
that is, we first prove the result for Iva(/, S). Since the statement for m = 1 
can be applied successively, it is enough to prove the case m = 1. By Theo- 
rem 12.1.91 and since Presburger functions are piecewise linear, there exists a 
finite partition of 5" x Z and for each part A a Presburger bijection p : A B 
over S such that either Bx = N or B^ is finite for each x £ S and such that 
f o p~^ is of the form 

r 

{x,t)^^Ci{x)t''^q'''' 

i=l 

for some integers Cj, bi with > 0, and some Presburger constructible func- 
tions Cj, and where the pairs (oj, bi) are mutually different for different i. By 
Lemma [2.1.71 there exists a constant M > such that, for each fixed value 
of X, either the Cj(x) are all zero for i = 1, . . . ,r, or, there are at most M 
zeros of the function t X]i=i Ci{x)t°''q^'^ . Let us write p^ : A ^ S for the 
restriction of the projection 5 x Z — )• S to A. 

In the case that the cardinality of B^ is bounded by M for each x, one 
can take M Presburger functions Hi, . . . , Hm on pa{-^) such that the union 
of the graphs of the Hj equals B and then we write for each j 

r 

Qb, := {x G Pa{A) I c,{x)H,{xrq'^^^^-^ = 0}. 

i=l 

In the remaining case that the cardinality of B^ is larger than M for each 
X, write 

RBi := {xepA{A) I Ci{x) = 0}. 
One can now easily finish for /13 by Lemma [2.1.2[ by taking finite unions and 
finite intersections of the sets Qsj, Rbi, and of some Boolean combinations 
of the Presburger sets pa{A). 

Using the existence of /13 as in (12.1.3^ for any given / € Vq{S x Z"*), 
we now prove jointly Theorem 12.1.51 and the existence of hi and /i2. The 
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statements clearly allow us to partition S x into finitely many pieces A 
and to treat each one separately (for the existence of hi and /12, this uses 
Lemma I2.1.2p . We choose a partition such that all Presburger functions 
involved in / are Presburger linear, we refine this partition using Theorem 
I2.1.9( and consider one resulting piece A. We can replace A hy B and / by 
/ o p^^ with notation from Theorem 12.1.91 so that in the end, we get one 
Presburger set B on which we have 

r 

(2.1.4) f{s,y) = Y.c,{s)y-'q'-y 

i=l 

where we use multi-index notation and where aj,6j G with aij > 0, 
the Cj are Presburger constructible functions in s G S, the tuples {ai,hi) 
are mutually different for different i, and where for each s S, one has 
Bs = As X for a fixed £ > and some finite set C N™~^ depending 
on s. In fact, now we are already done by Lemma [2. 1.81 and the existence of 
/13 as in (|2.1.3p for any given /. Indeed, let I he {i \ bij > for some j = 
m — i + 1, . . . , m}. Consider the function on B 

/i:(s,y)^^c,(5)y"»g^-^ 

is/ 

for s £ S and y £ Bg. Let h be the extension by zero of /i to a function on 
S X Z"*. By Lemma |2.1.8| for s £ S, the family {f{s,y)}y, where y € Bs, is 
summable if and only if h{s,y) = for all y G Z"*. Since /i is a Presburger 
constructible function on 5 x Z™", we are done for (I2.1.ip by the existence of 
/13 as in (I2.1.3p . and also for Theorem 12. l.Sl if we define g piecewise for {s,y) 
in B by 

je{l,...,r}\7- 

By defining the above set / slightly differently, one can construct /i2 as in 
(j2.1.2p in a similar way. □ 

Proof of Theorem \2.1.6l By the interpolation result Theorem 12.1.51 there 
exists gQ in Vq{S x Z™) with lnt{gQ, S) = S and such that /(s, y) = gois, y) 
whenever s lies in Int(/, S). Now, by Theorem-Definition 4.5.1 of 1^8], the 
function g which sends s G 5 to X^j^g^m 5o(S) 2/) lies in 'Pq{S). Clearly g is 
as required. □ 

Alternatively to invoking Theorem-Definition 4.5.1 of [8] in the above proof 
of Theorem 12.1.61 one can proceed as follows in that proof to see that g lies 
in 'Pq{S). Use Theorem 12.1.91 to reduce to a sum of the function g as in 
()2.1.4p . where we may suppose that m = 1. If y = yi runs over N, one 
knows that the bi from (I2.1.4P are < by the proof of Theorem 12.1.31 and 
one uses explicit formulas for the summation of geometric power series and 
their derivatives. When A^ C Z is finite, with notation from (I2.1.4p . one 
may further assume that A^ is of the form {z G Z | < z < a{s)}, where a 
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is a positively valued Presburger function in s and one uses geometric power 
series and their derivatives again to sum over A^. 

2.2. Uniformity in the base q. We show that the results of Section 12.11 
hold uniformly in the base q. We will use this uniformity in the motivic 
setting. Write M>i ior {q eR \ q > 1}. 

Definition 2.2.1. Define the subring A C Q(L) as 
Z L,L"\ ( ^— J 

\1 - L V iGN, 0<jj 

where L is a formal symbol. Each a G A is considered as a function 
(2.2.1) a : M>i ^ M : g a(g) 

obtained by setting L = g. For S a Presburger set, let V^{S) be the A- 
algebra of M- valued functions on S x ]R>i generated by 

(1) the functions q : S" x M>x ^ M : (5,(7) i-^ a{s) for all Presburger 
functions a : S ^ Z, 

(2) the functions q^ : S x M>i ^ M : (s, g) i->- q^^^^ for all Presburger 
function /3 : S ^ 7^. 

The functions in V^{S) are called Presburger constructible functions on S 
with uniform base. 

The analogues of Theorems I2.1.3| I2.1.5|. and 12.1.61 hold with almost the 
same proofs. 

Theorem 2.2.2 (Correspondences of loci). Let S he a Presburger set and 
let f be in V^{S x Z"^) for some m > 0. Then there exist hi, /12 and /13 in 
V{S) such that 

Int(/, S X M>i) = {(s, g) € S X M>i I /ii(s, q) = 0}, 
Bdd(/,5 X M>i) = {{s,q) G S X M>i I /i2(s,g) = 0}, 

and 

lMf,Sx R>i) = {{s,q) G 5 X R>i I hs{s,q) = 0}. 

Theorem 2.2.3 (Interpolation). Let f be in P"(S'xZ'") for some Presburger 
set S and some m > 0. Then there exists g in V^{S x Z™) such that 
Int(fl', S X M>i) = S X M>i and such that f{s,y,q) = g{s,y,q) whenever 
(s, q) G Int(/, S X M>i) and y G Z™. 

Theorem 2.2.4 (Integration). Let f he in V^{S x Z™") for some Presburger 
set S and some m > 0. Then there exists a function g G V^{S) such that 

whenever {s,q) G Int(/, 5 x M>i). 
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Proof of Theorems\MM\EK3, \2J^\ Since the Lemmas ETT] and EXS are 
completely uniform in g, the proofs of Section [2. II go through almost literally 



Let if be a fixed finite field extension of Qp for a prime number p. Write 
qK for the number of elements in the residue field kx of ET, and Ok for 
the valuation ring of K with maximal ideal Mk- Fix Ck to be either the 
semi-algebraic language on K with coefficients from that is, Macintyre's 
language, or the subanalytic language on K (as in e.g. |16j or 0). Recall 
that Macintyre's language is the ring language (•,+,— ,0,1) enriched with 
coefficients from K and, for each integer n > 1, a one variable predicate for 
the set of n-th powers \ii . The subanalytic language on K is Macintyre's 
language enriched with the field inverse ~^ on extended by 0^^ = 0, and 
for each convergent power series / : — )• if, a function symbol for the 
restricted analytic function 



Note that one has quantifier elimination in Ck, by Macintyre's result [21j, 
see also [13j . and by ^14j for the subanalytic case. 

Write vjk for a fixed uniformizer of K and write | • | for the norm on K 
with \'Wk\ = <1~K ■ Put the normalized Haar measure on if", denoted by 
\dx\ whenever x are variables running over if", and where the normalization 
is such that has measure 1. For each integer m > consider the map 
aCm ■ if Ok/{'^^) sending nonzero x € if to w~^°^'^^ ■ x mod (ro^) and 
sending to 0. We also write ac for aci. To make the link with the motivic 
setting easier, we consider three sorted structures for our fixed p-adic field if. 
To this end, we enrich the language Ck with the sorts Z for the value group, 
and kK for the residue field, together with the valuation map ord : if ^ — )• Z 
and the angular component map ac. Let us denote this three-sorted language 
by C^. Let us for each m > identify the map aCm : if — >■ Ok/{'^k) with a 
map if — y also denoted by acm, by using the bijection Ok/{w']^) ->• A;^ 
which sends X]i^o^'^i^x> where the Oj are ^^-th powers in OkH'^Ik)-, to 
(oq, . . . , Om-i)- (To see that this indeed defines a bijection, note that taking 
the g^-th power sends a + wkOk into a'^K + w^Ok for any unit a of Ok 
and that res(a'^if ) = res(a).) Put on if" x k^ x Z*" the product topology of 
the valuation topology on if" with the discrete topology on k"^ x Z**. In this 
section, definable will mean £|^-definable. 

3.1. Constructible functions. The ring of constructible functions 'tf{X) 
on a definable set X is the Ag^- -algebra of real- valued functions on X gener- 
ated by functions of the form 

(1) / : X — )■ Z whenever / is a definable function. 



the same. 



□ 
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(2) : X — )■ Agj^ : x i— )• q^^ for definable functfons g : X ^ Ij. 

The functions in ^{X) are called constructible functions on X. 

Now the analogues of Theorems 12.1.31 12.1.5^ and 12.1.61 hold in the p-adic 
setting. In fact, the interest of the rings of constructible functions lies in 
their stability under integration, which we generalize to the following result. 

Theorem 3.1.1 (Integration). Let f be in 'i^{X x K"^) for some definable 
set X and some m > 0. Then there exists g G ^{X) such that 



whenever x S Int(/, X). 

Under the extra condition that Int(/, X) = X, Theorem 13.1.11 was known: 
in the subanalytic case this is Theorem 4.2 of |3] and the semi-algebraic case 
has the same proof as in [3], using the semi-algebraic cell decomposition 
instead of the subanalytic cell decomposition. 

Theorem 3.1.2 (Correspondences of loci). Let f be in '^(X x K"^) for some 
definable set X and some m > 0. Then there exist functions h\,h2 and h^ 
in '^{X) such that the zero loci of hi equal respectively 

lnt{f,X), Bdd(/,X), and Iva(/,X), 

for i = 1, 2, resp. 3, and with the normalized Haar measure on . 

Theorem 13.1.21 has the following corollary. 

Corollary 3.1.3. Let f he in 'lo{X x K^) for some definable set X and 
some m>0. Then there exist functions hi and /12 in ^{X) such that 



{x ^ X \ f{x, •) is locally integrable on K"^} = {x £ X \ /ii(x) = 0} 



(3.1.2) {x e X \ f{x, •) is locally bounded on K"^} = {x e X \ h2{x) = 0}. 

Proof. Note that local integrability (and similarly for local boundedness) 
for a function r on K"^ is equivalent to Is • r being integrable over X" 
(resp. bounded on X") for each Cartesian product B C i^" of balls in 
with characteristic function 1^. Note that the family of all balls can be 
(possibly redundantly) realized as the members of a definable family (pa- 
rameterized by, say, the radius and an element of the ball) . Now the Corol- 
lary follows from the three statements of Theorem 13. 1.21 where the existence 
of /13 is used to eliminate the variables that were used to parameterize the 
balls. □ 

Theorem 3.1.4 (Interpolation). Let f be in 'rf{X x K"^) for some definable 
set X and some m > 0. Then there exists g in ^(X x K™') with lnt(g, X) = 
X and such that f{x,y) = g{x,y) whenever x lies in Int(/, X). 




(3.1.1) 



and 
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The above results will be proved using the Cell Decomposition Theorem 
13.3.21 below and the analogous results of Section 12.11 but first we state the 
main p-adic results in the exponential setting, which will have completely 
diflPerent and more difficult proofs. 

3.2. Constructible exponential functions. Fix an additive character ij^K '■ 
K ^ which is trivial on Aix but nontrivial on Ok- (All characters are 
assumed to be unitary and continuous.) The ring of constructible exponential 
functions ^^^^{X) on a definable set X is the Ag^-algebra of complex- valued 
functions on X generated by functions of the form 

(1) g with g in "^(X); 

(2) functions tpKif) X ^ C : x i-^ ipxifix)) for any definable function 
f:X^K. 

The functions in 'rf^^^^X) are called the constructible exponential functions 
on X. 

The following analogue of Theorems 12.1.61 13.1.11 for constructible expo- 
nential functions is completely new. A much more restrictive version can be 
found in [9] (see also }19|). 

Theorem 3.2.1 (Integration). Let f be in '^^^'^{X x K"^) for some definable 
set X and some m > 0. Then there exists g G ^^^'^{X) such that 

9{x) = / f{x,y)\dy\ 

for all X G Int(/, AT). 

In |9j, Theorem 13.2.11 is proved under an extra condition: / must be a 
finite sum of terms of the form foipKifi) with fi:Xx K"^ — >■ K definable 
and /o G '^{X X ET"^) satisfying Int(/o, X) = X. 

We also find analogues of Theorems 13.1.21 and 13.1.41 in the exponential 
setting. 

Theorem 3.2.2 (Correspondences of loci). Let f be in 'if°^P(X x i^™) for 
some definable set X and some m > 0. Then there exist functions hi, /12 and 
h-s in <r'=^P(X) such that 



and 



Int(/,A) = 


{x 


G X I 


hi{x) 


= 0}, 


Bdd(/,A) = 


- {x 


G X 


1 h2{x) 


= 0} 


Iva(/,X) = 


{x 


G X 1 


h^{x) 


= 0}. 



Theorem 3.2.3 (Interpolation). Let f be in '^'^^p(X x K^) for some defin- 
able set X. Then there exists g in 'ia^^^{X x K^) with l\it{g,X) = X and 
such that f{x,y) = g{x,y) whenever x lies in Int(/, X). Moreover, one can 
write any such g as a finite sum of terms of the form 
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with f I : XxK"^ K definable and G '^(Xx/sT™) satisfying lnt{fo, X) = 
X. 

Theorem 13.2.21 implies the following corollary by the same reasoning as for 
Corollary EXl 

Corollary 3.2.4. Let f be in '^'^^^{X x K^) for some definable set X and 
some m > 0. Then there exist functions hi and /i2 in '^'^^^{X) such that 
(3.2.1) 

{x ^ X \ f{x, •) is locally integrable on K"^} = {x G X \ hi{x) = 0} 

and 

(3.2.2) {x £ X \ f{x, •) is locally bounded on K"^} = {x G X | /i2(x) = 0}. 

The following key technical Proposition will allow us to reduce to tech- 
niques and results that we have already established in the previous sections. 
The proposition excludes strange oscillatory behavior of exponential con- 
structible functions. 

Proposition 3.2.5. Let X and U C X x K"^ be definable for some m > 
and let fi, . . . , fs be in ^'^^^{U). Write x for variables running over X and 
y for variables running over K"^. Then there exists an integer d > 0, a 
definable surjection ip : U V C X x over X for some t > 0, definable 
functions ha : U ^ K , and functions Ga in ^"^^"^{V) for I = 1, . . . , s, such 
that the following conditions hold. 

1) for each i, one has 

fe{x,y) = ^Gu{v{x,y))'ilJK{hii{x,y)), 
1=1 

2) if one sets, for (x, r) G V , 

Ux,r ■■= {y G I ip{x,y) = (x,r)} 

and 

Wx,r ■■= {y G Ux,r I sup\Gii{x,r)\c < sup \fi{x, y)\c} , 
£,i e 

where \ ■ \c is the complex modulus, then 

Vol([/,,,) < qi ■ Yol{W,,r) < +00, 

where the volume Vol is taken with respect to the Haar measure on 

Roughly, the proposition for s = 1 says that, if |/i|c is small, then fi is 
the sum of small terms of a very specific form. Indeed, for the terms to be 
small, it suffices to know that they are small on each set Wx^r since they are 
constant on each set In addition, if these terms cannot be made small, 

then / itself has to be large on a relatively large set. 
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For the proposition to make sense, the sets Ux^r and Wx^r have to be 
measurable, but this follows from the facts that each definable set is mea- 
surable, functions in ^'^^^{Z) axe measurable for any definable Z, and, that 
measurable functions are closed under taking the complex modulus and the 
supremum. 

3.3. Preliminaries for the p-adic proofs. We give a notion of p-adic 
cells which is adapted to the three sorts in £^ and which fits better with 
the motivic approach below, see e.g. the usage of ^ in the next definition. 

Definition 3.3.1 (p-adic cells). Let y be a definable set. A 1-cell A (1Yy.K 
over y is a (nonempty) set of the form 

(3.3.1) A = {(y,t) Gy'xK[a(y)niord(t-c(2/))n2/3(y), 

ord(t - c{y)) ea + nZ, acm{t - c{y)) = ^(y)}, 

with Y' a definable subset of Y, integers a > 0, n > 0, m > 0, a, /3 : y' — )■ Z 
and ^ : y ^ {Ok/{'^k))^ definable, c: Y' ^ K definable, and either < 
or no condition, and such that A projects surjectively onto Y' . We call c the 
center, ^ the angular component, a + nZ the coset, a and /3 the boundaries, 
and Y' the base of ^. A 0-cell A C Y x K over y is a (nonempty) set of the 
form 

(3.3.2) A = {{y,t)eY' xK\t = c{y)}, 

with Y' a definable subset of Y, and c: Y' ^ K definable. In both cases we 
call A a cell over Y with center c. 

Also our formulation of the cell decomposition result is somehow more 
relaxed than usual, due to having three sorts. For a slightly stronger cell 
decomposition result than Theorem 13. 3. 2| see e.g. [4], Theorem 3.3. 

Theorem 3.3.2 (p-adic Cell Decomposition). Let X C Y x K and fj-.X^ 
7L he definable for some definable set Y and j = 1, . . . , r. Then there exists a 
finite partition of X into cells Ai ( over Y ) with center Ci such that for each 
occurring 1-cell Ai with coset ai + n{L and base Y- one has 

fj{y,t) = hij{y) + Uij^^^^ — '^^^^^ — —, for each {y,t) G Ai, 

Hi 

with integers Oij and hij : 1^' — ?> Z definable functions for j = 1, . . . , r. 

For X C K open, a function f : X ^ K is called if / is differentiable 
at each point of X and the derivative f':X^Koffis continuous. (This 
notion of C^, although more naive than the ones in e.g. [T7], suffices for our 
purposes.) A ball in K is by definition a set of the form {t £ K \ ord(t — a) > 
z} for some a € K and some z G Z. 

Definition 3.3.3 (Jacobian property). Let f : Bi ^ B2 he a function with 
-61,-62 C K. Say that / has the Jacobian property if the following conditions 
a) up to d) hold: 
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a) / is a bijection from Bi onto B2 and Bi and B2 are balls in K; 

b) / is on Bi with nonvanishing derivative /'; 

c) I /'I is constant on Bi; 

d) for all x,y Bi one has 

\{x-y)-f'\ = \f{x)-f{y)\. 

Definition 3.3.4 (1-Jacobian property). Let /: Bi — > i?2 be a function with 
Bi,B2 C K. Say that / has the 1-Jacobian property if / has the Jacobian 
property and moreover e) and f) hold: 

e) ac(/') is constant on Bi; 

f ) for all x,y € Bi one has 

ac(/') • ac(x - y) = ac(/(x) - f{y)). 

The following two results will be important for the proofs in the exponen- 
tial setting. 

Proposition 3.3.5 ([7], Section 6). Let Y and X C Y x K be definable 
sets and let F : X K be a definable function. Then there exists a finite 
partition of X into cells Ai over Y such that for each i and each y £ Y , 
the restriction of F{y,-) to Aiy := {t £ K \ {y,t) € Ai} is either constant 
or injective, and such that in the latter case, for each ball B C K such that 
{y} X B is contained in Ai, there is a ball B* C K such that F(y,B) = B* 
and such that the map 

Fb: B ^ B* F{y,t) 
has the 1-Jacobian property. 

Lemma 3.3.6. Let A <Z Y x K and h : A ^ K be definable for some 
definable set Y . Suppose that for each y £ Y , and for each maximal ball 
B C Ay, h{y, ■) is constant modulo {vjk) on B, where maximality is for the 
inclusion. Then there exists a finite partition of A into definable sets Aj and 
definable functions hj : Y ^ K such that 

\h{y,t)-h,{y)\<l 

holds for each (y, t) £ Aj and for each j. 

Remark 3.3.7. We could even obtain \h{y,t) — hj{y)\ < 1. However, we 
would like to have proofs which work analogously in the motivic setting, and 
there, the stronger inequality can not be obtained. 

Proof of Lemma \3. 3. 61 The proof is similar to the proof of Theorem 2.2.2 of 
[9] and goes as follows. Up to a finite partition of A, we may suppose that 
for each y £Y, the function h{y, •) is injective (see e.g. Corollary 3.7 of [4J). 
Similarly we may suppose that his as F in the conclusion of Proposition 13 . 3 . 5) 
already on the whole of A. We may moreover for each two balls {y} x Bi and 
{y} X B2 contained in A assume that the images h{{y} x Bi) and /i({y} x 
B2) are balls with different radius, for example by invoking Theorem 13.3.21 
Now consider the graph oi h m. A x K, and its image W d Y x K under 
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the coordinate projection sending {y,t, h{y,t)) to {y,h{y,t)). Take a cell 
decomposition as in Theorem 13.3.21 of W into cells Cj. Up to partitioning A 
into finitely many parts we may suppose W = Cj = C for a single j, where 
we do not require to respect the previous assumptions on A. Write c for 
the center of C. Suppose that the angular component of C takes values in 
Ox/i'^K) some m > in the case that C is a 1-cell. If C is a 0-cell then 
put m = 1. Now it follows for all {y,t) G A that 

\hiy,t)-c{y)\<q]^-\ 

If m = 1 we are done by taking hj = c on A = Aj for a single j. If 
m > 1 we can finish by the definability of Skolem functions and by further 
partitioning. □ 

3.4. The p-adic proofs for constructible functions. For p-adic con- 
structible functions (thus without additive character), the proofs reduce to 
the Presburger cases of Section [2T] with q = qx, viap-adic cell decomposition 
and the following definitions and results. 

Definition 3.4.1. If fj: X C 7^™+^ Z and the Ai are as in Theorem 
I3.3.2| then call fj prepared on the cells A^. We call Ai a full cell and we 
call fj fully prepared on the Ai if the base of Ai is itself a cell on which 
the hij{x) — with notation from Theorem 13.3.21 for 1-cells and with hij = fj 
in the case of 0-cells — and the boundaries of Ai are prepared, and so on m 
times. It is also clear what we mean by a full cell A dY y. over some 

definable set y, in analogy to the notion of cells over Y of Definition 13.3.11 
By the centers of a full cell, we mean a tuple of centers, consisting of the 
center of the cell A over Y , the center of the base A' of A, the center of the 
base of A' and so on. 

Definition 3.4.2. Let A C K"^ be a full cell with center 

Cm ill the last 

coordinate, up to center ci ^ K for the first coordinate. The skeleton of A 
is then the subset S{A) of (Z U {+00})™" which is the image of A under the 
map 

X e A^ (ord(xi - ci),ord(x2 - C2(xi)), . . . ,ord(xm - Cm(xi, . . . ,Xm-i)), 

where we have extended ord to a map ord : — ?• Z U {+00}. Write sa for 
the natural map A — > S{A) which we call the skeleton map. Likewise, if 
A dY X is a full cell over Y , it is clear what we mean by the skeleton 
Siy{A) over Y and the skeleton map s^/y of A over Y . 

Call a definable function f : X dY y. Z™ -^YxI/- linear over Y if there 
is a definable function a : y ^ Z^ and an affine map g : Q"* — > such that 
f{y,z) = {y,g{z) +a{y)) for ah {y,z) G X. 

Proposition 3.4.3 (Parametric Rectilinearization for C'x). Let Y and X d 

Y X Z™ he definable sets. Then there exists a finite partition of X into 
definable sets such that for each part A, there is a set B d Y x Z™ and 
a definable bisection p : A B which is linear over Y such that, for each 
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y € y, the set By is a set of the form Ay x for a finite subset Ay C N™" ^ 
depending on y and for an integer £ >0 only depending on A. 

Proof. This follows from Theorem 12.1.91 as follows. Suppose that Y C x 
X fc^, and let X' C be the inverse image of X under the 

map sending {z,u,v,w) to the tuple {oTd{zi),u,ac{vj),OTd{wk))- Partition 
X' into full cells Ai, take skeletons and apply Theorem 12. 1.9l to the skeletons. 
Translating the data back to the level of X finishes the proof. Alternatively, 
one can just note that the proof of [2J goes through in this setting with three 
sorts. □ 



Proof of Theorems \3.1.S\ and 3.1.4\ By using an inductive application of the 



Cell Decomposition Theorem I3.3.2| partition X x K"^ into finitely many full 
cells Ai over X such that for each i, the restriction /|^. factorizes through 
the skeleton map Sj^./x of Ai over X. Let us identify each skeleton with a 
definable set, for example by replacing {+00} by a disjoint copy of {0}. Let 
us write fi for the map from the skeleton S{Ai) of Ai to Aq^ induced by 
Then fi lies in 'Pqj^{S{Ai)) for each i. The function Mz sending z € S/xiAi) 

to the volume of the fiber {sAi/x)^^i^)i taken inside K"^, lies in '^^{S/x{^^))■ 
Indeed, the fibers of of a very simple nature by the definition of 

full cells. Hence, also z 1— > fi{z) ■ Mz lies in 'rf(S/xi^i))- Now existence of 
/i2 and /13 is proved as in the Presburger case in Theorem 12.1.31 for the fi , 
and the existence of hi and the construction of g as in Theorem 13.1.41 are 
also proved as in the Presburger cases for the maps z >—> fi{z) ■ Mz- □ 

Proof of Theorem \3 . 1 . 1\ Follows from Theorem 13.1.41 and [3, Theorem 4.2], 
in the same way as Theorem 12.1.61 follows from Theorem 12 . 1 . 5 1 and [8^ Theorem- 
Definition 4.5.1 ]. □ 

In fact, the proof of Theorems 13.1.21 and 13 . 1 . 41 vields the following slightly 
more general variant. 

Corollary 3.4.4. Let f he in Ti{X)^c^-(^x)^{X x K"^) for some definable set 
X, some m > 0, and some inclusion 'rfi^X) C 'H{X) of algebras of complex 
valued functions on X . Then there exist functions /ii, /12, /13 in 'H{X) and g 
in nix) (8'<g'(x) ^{X x K"^) such that the zero loci of the hi equal respectively 

Int(/,X), Bdd(/,X), and Iva(/,X), 

and such that lnt{g,X) = X and f(x,y) = g{x,y) whenever x lies in 
lnt{f,X). Moreover, any such g can be written as a finite sum of terms 
of the form 

ho ■ fo 

with ho € n{X) and fo G '^{X x K"^) satisfying Int(/o,X) = X. 

3.5. The p-adic proofs for constructible exponential functions. Con- 
sider a finite field Fg with a nontrivial additive character -0. The following 
lemma and its corollary are classical exercises. 
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Lemma 3.5.1. For any function / : Fg — ?> C one has 

Vlsup < ll/llsup < ll/llsup 

where \\ ■ ||gup is the supremum norm and f the Fourier transform of f, 

f{y) = X] fi^)'^i-^y)- 

Corollary 3.5.2. Consider a function 

s 

i=i 

for some complex numbers Cj and some mutually different bj € F^. Then 
there exists yo £ with 

snp\cj\ < f{yo). 

Proof of Proposition \3.2.5\ for m = 1. The statement which we have to prove 
clearly allows us to work piecewise: if we have a finite partition of U into 
definable parts A, then it suffices to prove the proposition for fi restricted 
to each part A. To make the induction on N work more easily, we prove 
something slightly stronger than Proposition 13.2.51 purely for the case m = 
1. That is, we prove that in addition to the conclusions 1) and 2) of the 
Proposition, we can require that also the following condition 3) holds for 
each X G X. 

3) Each of the parts Ux^r is either a singleton, or, equal to a maximal 
ball contained in Ux, where maximality is for the inclusion. 

By Theorem 13.3.21 up to partitioning U into cells A, we may suppose that 
U is a cell. If [/ is a 0-cell over X, there is nothing to prove. If [/ is a 1-cell 
over X, up to a finite partition given by Theorem 13.3.21 (applied to all the 
Z- valued definable functions that appear in the build up of the fi), we may 
suppose that there is a definable surjection if : U V d X x Z*, definable 
functions ha : U K and functions Gn in 'W^^'^lV) such that for each £ one 
has 

(3.5.1) fe{x,y) = ^Gii{ip{x,y))il)K{hii{x,y)), 

i=l 

and that, for each x, the collection of sets Ux^r equals the collection of 
maximal balls contained in Ux- We now only have to show that one can 
choose ip such that moreover 2) holds. We will proceed by induction on 
N := Y^i^iiNi - 1). If = 0, then all Ni = 1, and one is done. 

For general > we start by pulling out a factor ij)K{hii{x,y)) out of 
(|3.5.ip . i.e., we may assume that hii{x,y) = for all £ and all (a;,y) G U. 
By Proposition 13.3.51 ^-^id by Theorem 13.3.21 we may moreover suppose that 
for each (x,r) G V, each ^, and each i either hii{x,-) is constant on C/x,r, 
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or h£i{x, ■) restricted to Ux^r has the 1-Jacobian property. Hence, for each 
(x,r) € V there exist constants bx,r,e,i £ K such that, for all yi,y2 G Ux,r 
and all i, i, 

(3.5.2) ord(/ifi(x,yi) - hu{x,y2)) = OT(l{bx,r/,i ■ ivi - ^2)), 

(3.5.3) ac{hei{x,yi) - hii{x,y2)) = ac{bx,r/,i ■ (yi - y2)), 

where bx,r,i,i = by a previous assumption, and where we write ord : K — )• 
Z U {+00}. If for all £, i, x, r, the function hii{x, •) is constant modulo (wk) 
on Ux^r, then, up to a further finite partition of U, Lemma 13.3.61 applied to 
each of the ha brings us back in the case that = 0. We may thus in 
particular assume that for each (x, r) in V, there exist i, i with bx^r,e,i 7^ 0. 
Choose ^x,r £ K with 

|7a;,r| ■ max\bx,r,e,i\ = 1- 

For each x and r, partition {1, . . . , Ni} into non-empty subsets Sej{x,r), 
j > 1, with the property that 11,12 lie in the same part Sij{x,r) for some j 
if and only if 

(3.5.4) res(7j.,r.6x,r,^,n) = '^es.{'^x,rbx,r,i,i2)i 

where res : Ok kx is the natural projection. By cutting U into finitely 
many pieces again, we may suppose that the sets Sij := S^{x,r) do not 
depend on (x,r). Since bx^r/,i = 0, at least for one H. there are at least two 
different sets S'^j, S^jv. Define for each j and for [x, y) 

fej{x,y) := ^ Gu{^{x,y))ipK{hei{x,y)) 

and consider these functions {fej)ej as a single family. There is no harm 
in replacing U by the graph of ip and then proving the Proposition for this 
graph. Indeed, one can always get back to the original U by composing with 
the previous map ip, and by noting that the iC-valued definable functions ha 
can only depend piecewise trivially on Z-variables. So, we may suppose that 
(/? is in fact just a coordinate projection, and it will play no role anymore 
in the later part of the proof. The total number of summands of the family 
{fej)e,j is the same as for the functions fi, but there are more functions 
fgj than fj, so we can apply induction on N, with the extra condition 3) 
as part of the desired properties, to this family {fej)e,j- Thus we find an 
integer d > 0, a, definable surjection ip : U V over X, definable functions 
hiji : U K, and functions G^ji with the required properties, including 
condition 3). Let us also write Ux^r for the sets defined by (p as in condition 
2). By cutting U into pieces as before, we may assume that, for each x 
and r, not all hii{x,-) are constant modulo [wk) on Ux,ri since, as before, 
this would bring us back to the = case for our original family {fi)i via 
Lemma 13.3.61 
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We will now show that the subset Mx^r of Ux,r consisting of those y sat- 
isfying both inequalities 

(3.5.5) sup|G£ji(x,r)|c < s\xp\fij{x,y)\c < sup |/^(a;, y)|c 

has big volume in the sense that 

(3.5.6) \o\{Ux,r) < Vol(M,,,). 

If this is proved, then we are done for our original family {f()(, by replacing 
d with d+1 while keeping the data of the (p, Giji, and hiji. 

To finish the proof, we fix x and r and it remains to show that Mx^r 
as given by (I3.5.5P has property ()3.5.6p . Consider the partition of the ball 
Ux^r into balls of the form ^ + 'jx,rOK- (The ball Ux,r is indeed a union 
of such balls by our choice of 'jx^r since there exists a hei{x, •) which is 
non-constant modulo (wk) on Ux,r-) Firstly we will show that \ftj{x,-)\c 
is constant on each such i?^. Secondly we will show that for each such B^ 
there is a sub-ball B'^ C B^ with Vol(-B^) = qk ■ Vol(i?^) and such that the 
second inequality of ()3.5.5p holds for all y & B'^. These two facts together 
with the previous application of the induction hypothesis imply (j3.5.6p and 
thus finish the proof for m = 1. Fix B^ C Ux,r and write y = ^ + 7x,r2/' £ 
for y' £ Ok- By ([3X2l), and (pXip . for each £ and j there is a 

constant cej E C such that 

fej{x,y) = CijipKib'ijy'), 

where we can take b'^^ = "fx,rbx,r,l,i for any i G Sij. This shows that \ fij{x, •)|c 
is constant on B^. We now only have to construct B'^. By renumbering, we 
can suppose that on B^, |/i.i|c is maximal among the \fij\c^ so that the 
middle expression of (I3.5.5P is equal to |/i,i|c- In particular, it suffices 
to choose B'^ such that |/i,i|c ^ \fi{xiy)\c for y G B'^. Now let ip be 
the additive character of satisfying il^xiy') = ^(i'es(y')) for y' £ Ok- 
By (I3.5.4p . we have ves{b\j) ^ Tes{b'^j,) for each j ^ j' , so we can apply 
Corollary [3X2] to 

f -.Fqj^ C : y cij V(res(6y) • y) 

j 

and get an yo G F,^ with |ci,i[c < |/(yo)|c- Set B'^ := + -fx,ry' j v' S 
res"^(yo)}- Since fi{x,y) = /(res(y')) and |/i,i|c = jci.ilc, we are done. □ 

Proof of Proposition \'J.2^ for m > 1. Denote (yi, • • • , ym-i) by V- Apply 
the m = 1 case using (x, y) as parameters and ym as the only y-variable. 
This yields in particular an integer di > 0, a surjection (^i :[/—)• Vi, and 
a collection of functions Gm. Now apply the induction hypothesis to the 
collection of functions Gm, this time using y as the y- variables, and the 
variables {x,y,r) G Vi as parameters. This yields an integer ^2, a surjection 
ip2 : Vi — )• V2 , and a collection of functions Gii2 - Now define as (^2 o V'l and 
consider the functions Ga = Gm on V2. Since K- valued definable functions 
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like the h^i can only depend piecewise trivially on variables running over Z 
we are done, namely, the functions Ga and <p satisfy the proposition with 
d = di + d2- □ 

Proof of Theorems\MMand\MIE Let / be in <^^^p(X x i^™) for some de- 
finable set X and write / as X^i^i Gi{ip{x,y))'ipK{hi{x,y)) as in Proposition 
13.2.51 with s = 1, /i = /, and U = X x K"^, so that in particular the 
hi : X X K"^ — )■ K and <p : U ^ V are definable functions, and the Gi{x, y) 
lie in '^^^'^{V). For each i let Hi be the function GiOip. Since X- valued func- 
tions can only depend piecewise trivially on Z- variables, one has a natural 
isomorphism 

and thus, the iJj lie in '^'''^P(X)(g)<:^(x)^(-'^xi^'"). For these tensor products 
of algebras we use the natural inclusions ^(X) C ^(V), "^(X) C 'r*^''P(X), 
and ^{X) C "^(X x K™"), which are inclusions of algebras. 

It is clear that for any x € X, if a; € lva{Hi, X) for all i, then x € Iva(/, X). 
Vice versa, if f{x, •) is identically zero, then Hi(x, •) is zero on each set Wx r ? 
and since it is constant on each set Ux^r, Hi{x,-) is identically zero. Thus we 
just showed: 

Iva(/,X) = f|Iva(i?i,X). 

i 

A similar argument shows 

Bdd(/,X) = f|Bdd(i/i,X), 

i 

Int(/,X) = f|Int(i7„X), 

i 

where in the case of Int(/, X), we use the inequality between the volumes of 
Wx^r and Ux,r given by Proposition 13.2.51 

Now we are done by applying Corollary 13.4.41 to each of the functions Hi 
and by combining the outcomes. □ 

For the proof of Theorem 13.2.11 we will apply Theorem 8.6.1 (1) of [9], 
which has stringent integrability conditions. These conditions can be satis- 
fied by the last part of the statement of Theorem 13.2.31 

Proof of Theorem \3. 2.1\ Let g be given by Theorem 13.2.31 Since, by the 
same theorem, 5 is a finite sum of terms of the form 

foi^KUi) 

with fi: XxK"" ^ K definable and /o G '^(XxK™) satisfying Int(/o, X) = 
X, the function g falls under the scope of Theorem 8.6.1 (1) of [9j, which 
yields the desired conclusion. □ 
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4. Transfer principles for integrability and boundedness 

4.1. Notation. Let O he a ring of integers of a number field. We will 
use the first order language of Denef-Pas with coefficients in and 
denote it by Cbp- By definable wc will from now on mean jCDP-definable, 
without using other coefficients than those from Recall that >Cdp 

has three sorts: the valued field, the residue field, and the value group. The 
language >Cdp has as symbols the usual logical symbols, the language of rings 
(+, — , -,0, 1) with coefficients from 0[[t]] for the valued field, another copy of 
the language of rings for the residue field, the Presburger language (+, — , < 
, {■ = • mod n}„>i, 0, 1) for the value group, the symbol ord for the valuation 
map on the nonzero elements of the valued field, and the symbol ac for an 
angular component map. All structures for £dp that we will consider are 
triples (L, A;l,Z) with L a complete discretely valued field, Ol its valuation 
ring with residue field ki,, and value group identified with Z, together with 
the information of how the symbols of C^p arc interpreted in this triple. 
To fix the meaning of the symbols of £dp one fixes a ring homomorphism 
Ao,L : C)[[t]] — >■ Ol respecting 1 and sending f to a uniformizer w of Ol- 
If one fixes such Xo,l then all the symbols of £dp have a unique meaning 
where we require that ac : L — > fci, is the unique multiplicative map which 
extends the projection O^ — > and sends to 1; it is given by 



(the other symbols have their natural meaning). Note that, by the complete- 
ness of L, a ring homomorphism O Ol and the choice of the uniformizer 
w oi Ol determine a ring homomorphism ©[[t]] — >• Ol sending t to w. 

Let Ao be the collection of non- Archimedean local fields K of character- 
istic zero with a ring homomorphism O ^ K and a uniformizer wk of Ok- 
Let Bo be the collection of all local fields K of positive characteristic with 
a ring homomorphism O ^ K and a uniformizer wk of Ok- Let Co be 
the union of Ao and Bo- For an integer M > 0, denote by Ao,m-i So,m, 
resp. Co,M those fields in Ao, Bo, resp. Co that have residue characteristic 
larger than M. For K in Co, write J^k for the maximal ideal of Ok, kK 
for the residue field and qk for the number of elements of kK- For x G Ok, 
denote by x e kK the reduction of x modulo {zuk)- 

For K € Co, write Vk for the collection of additive characters ip : K ^ 
which are trivial on the maximal ideal J^k and which coincide on Ok with 
the character sending x G Ok to 




mod (w) 



if X ^ 0, 
if X = 0, 



exp( Trfe^(x)), 



where Tr/j^ is the trace of kK over its prime subfield and p is the characteristic 
of kK- Note that there is no restriction in only considering additive characters 
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lying in Vk, since, in our set-up, all other additive characters on K can 
appear naturally by using a parameter over the valued field. 

For any K £ Cq, the measure we put on x x Z'^ is the product 
measure of the Haar measure on normalized so that has measure 1 
with the discrete measure (the counting measure) on x Z*". Likewise, put 
on X k'^ X Z*" the product topology of the valuation topology on K"' with 
the discrete topology on k^ x Z^. 

4.2. The motivic setting. We recall the settings from [8] and [9], where 
we will write Q instead of i^o(R.Def). 

4.2.1. Definable subassignments. For any field k of characteristic zero, we 
consider the Laurent series field k{{t)) over k with the uniformizer t and the 
corresponding angular component map and discrete valuation. 

Any jCDP-formula (p in m free valued field variables, n free residue field 
variables, and r free value group variables, and any field k of characteristic 
zero which contains our fixed ring of integers O as a subring gives rise to a 
subset of 

A:((t))"xA:" x Z^ 

consisting of the points satisfying ip, which can be written symbolically as 
follows: 

{ix,y,z) ek{{t)rxk^ xZ^ \ip{x,y,z)}; 

this subset is denoted by ^k{{t))- 

By a definable subassignment we mean the map X which sends k to 
X(k) := Vkgt)) foi" some /^op-formula where k runs over characteristic zero 
fields which contain O as a subring. Denote by h the definable subassign- 
ment which sends k to the sing leton {0}, also written as k{{t)fxk^ x Z°. (For 
readers familiar with the language of model theory, note that two formulas if 
and if' yield the same definable subassignment iff they are equivalent modulo 
the theory of Henselian valued fields of characteristic (0, 0) with value group 
= Z and whose residue fields contain O subring.) 

For any definable subassignment X, and for nonnegative integers m,n,r, 
write X[m,n,r] for the definable subassignment sending k to 

X{k) x k{{t))"'xk'' X U. 

For example, h\m^n^r\ sends k to k{{t))™'xk^ x 11 . 

A point on a definable subassignment X consists of a pair (x, A;) with k 
a characteristic zero field having O as a subring and with x an element of 
X{}i). We write \X\ for the collection of all points that lie on X. (We leave 
it to the reader to choose whether to consider \X\ as an actual class or to 
work in a fixed large universe.) 

The usual set-theoretic operations make sense for definable subassign- 
ments. If X(K) C ^(fe) for each /c, then we also call X a definable subassign- 
ment of Y . 

By a definable morphism / : X — >• y between definable subassignments 
X and Y is meant a definable subassignment G X xY such that G(fc) is 
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the graph of a function from X{k) to Y{k) for each k and one calls G the 
graph of /. We write fk for the function from X{k) to Y{k) with the graph 
Gik). 

Write Def for the category of definable subassignments with definable 
morphisms as morphisms. 

4.2.2. Definable subassignments and local fields. We have seen that behind 
a definable subassignment X lies an >CDP-formula ip which describes the sets 
X{k). Clearly such a formula ip corresponding to X is not unique. However, 
if we fix such a (p for X, which we call fixing a representative of X, then for 
each K G Co , we can consider the subset cpx of K"^ x k^ x Z** consisting of 
the points satisfying ip, where X is a definable subassignment of h[m,n,r]. 
Indeed, all the symbols of £dp can be interpreted in the three sorts K, k^,"^, 
where elements of 0[[t]] are interpreted in K via the ring homomorphism 
0[[t]] K coming from the ring homomorphism O ^ K and sending t to 
the uniformizer wk- 

For all motivic objects in this paper, we will make a link with objects 
(usually sets and functions) on local fields. In particular, given a definable 
subassignment X, we will often implicitely fix a representative (p and write 
Xk instead of (px where K in Cq^m for sufficiently large M. Although Xk 
depends on the choice of we have the following phenomenon: 

For any two representatives (p and (p' of a definable subassign- 
ment X, there exists M > such that (px = 'p'k fo^ ^ ^ 
Com- 

Remark 4.2.3. The operation of taking representatives in this context is 
similar to the notion of taking a model over Z of a variety defined over Q 
in the context of algebraic geometry, as one typically does for counting the 
number of rational points over finite fields. 

Similarly, any definable morphism f : X ^ Y between definable sub- 
assignments gives rise, up to fixing a formula 7 corresponding to the graph 
of /, to a function 

Ik '■ Xk h> Yk, 

whose graph is ^01 any K in Co,m with M sufficiently large. (If the 
characteristic of the residue field of K is small, then 7^ might not define the 
graph of a function.) 

4.2.4. Constructible motivic functions. Recall that /i[0, 0, 1] can be identified 
with Z, since /i[0, 0, l](/c) = Z for all k. Let X be in Def, that is, let X be a 
definable subassignment. A definable morphism a : X /i[0, 0, 1] gives rise 
to a function \X\ Z (also denoted by a) sending a point {x,k) on X to 
ak{x). Likewise, such a gives rise to the function from \X\ to A which 
sends a point (x, k) on X to L"'''^^^ and where A is as in Section [2.21 

Following we define the ring V{X) of constructible Presburger func- 
tions on X as the subring of the ring of functions |X| — A generated by 
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(1) all constant functions into A, 

(2) all functions a : \X\ — > Z with a : X — > /i[0, 0, 1] a definable mor- 
phism, 

(3) all functions of the form L'^ with P : X ^ /i[0, 0, 1] a definable 
morphism. 

Note that although \X\ is not a set, 'P{X) can be regarded as a set since 
it has not too many generators. 

For Y a definable subassignment of X, write ly for the characteristic 
function of Y, sending a point {x, k) on X to 1 if it lies on Y and to zero 
otherwise. 

Define the group Q{X) as the quotient of the free abelian group over 
symbols [Y] with Y a subassignment of X[0,m,0] for some m > 0, by the 
following scissor relations. 

(4.2.1) [Y] = [Y'] 

if there exists a definable isomorphism Y —?■ Y' which commutes with 
the projections Y ^ X and Y' X. 

(4.2.2) [Yi U Y2] + [Yi n Y2] = [Yi] + [Y2] 

for Yi and Y2 definable subassignments of a common X[0, m, 0] for 
some m. 

We wiU stiU write [Y] for the class of [Y] in Q{X) for Y C X[0,m,0]. In 
[8j, the longer notation KQ(RDeix) is used instead of Q{X). Denote by 
V^{X) the subring of V{X) generated by the characteristic functions ly for 
all definable subassignments y of X and by the constant function L. Using 
the canonical ring morphism V^{X) — t- Q{X), sending ly to [Y] and L to 
the class of X[0, 1,0], we define the ring ^(X) as 

V{X) ®po(x) Q(X). 

Elements of "^(X) are called constructible motivic functions on X. 

Let F be a function in ^(X[m, 0, 0]) for some m > 0. Using notation 
from ID Section 13.2, we say that F is (motivically) X-integrable if and 
only if its class in C""(X[m, 0,0] X) lies in IxC(X[m,0,0] X), where 
X[m,0,0] — > X is the projection. Although we refer to [8j for precise defi- 
nitions, and although we do not need this notion for the transfer principles, 
let us give some intuitive explanation of motivic X-integrability. The condi- 
tion for F to be (motivically) X-integrable is a strong uniform form of the 
condition that for all K in Cq^m with M sufficiently large, Fk{x, ■) is inte- 
grable over K™' with respect to the Haar measure, for each x £ Xx- This 
motivic condition is defined, via cell decomposition techniques, in terms of 
X-integrability of functions G in V{X x Z™). A function G in P(X x Z"^) 
is considered X-integrable if and only if for each (x, k) € |X|, the family 

(GA;(x,z)(g))^gZ™ 
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is summable (in the classical sense), for each real q > 1, where we use 
evaluation at L = g as in (I2.2.ip . 

4.2.5. Constructihle motivic functions and local fields. Each / in V{X), with 
X a definable subassignment, can be written as a finite sum of terms of the 
form oL^ 11^=1 '^i with a G A, and the ai and j3 definable morphisms from X 
to /i[0, 0, 1] = Z. Let us take representatives a[ and (3' of the Oj and /3, that 
is, the >CDP-formulas describing the graphs. We have seen in Section 14.2.21 
that, for K in Co,M with M sufficiently large, and are the graphs 
of functions from Xk to Z and we have denoted these functions by aiK and 
13k- Now we extend this notation to elements / of V{X), where we write 
for the function sending x G Xk to 

j i=l 

whenever / equals 

j i=l 

where aj € A, aj{qK) is the evaluation of aj a.t'L = qK as in (12. 2. ID . and the 
aij and (3j are definable morphisms from X to Z. In a similar sense as in 
Section I4.2.2( the function Jk '■ Xk ^ Q is independent of the choice of the 
representatives for the aij and /3j whenever K is in Co,M with M sufficiently 
large. 

Likewise, since each g in Q{X) can be written as \Y] — [Z] for some 
definable subassignments Y C X[0,n, 0] and Z C X[0, n',0], by taking rep- 
resentatives, one can consider Yk and Zk for K in Cc>,m with M sufficiently 
large, and we denote by gK the function on Xk sending x € Xk to 

where Y^ is the (finite) set {r E \ (x,r) G Yk} of size {jl^ and likewise 
for Zx- 

Since for / € V^{X) and /' its image in Q{X) one has /k = /'k for all K 
in Co,M with M sufficiently large, one can define for F in '^(X) and for K 
in Co,M with M sufficiently large, the function Fk as 

Fk : Xk ^ Q : x i-^ ^ aiK{x)biK{x) 

i 

whenever F = Oi^bi with Oj € "/-"(X) and hi S Q(X). In our usual sense, 
this is independent of the choice of representatives when K is in Co,m with 
M sufficiently large. 
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4.2.6. Motivic exponential functions. Let X be in Def . We consider the cate- 
gory whose objects are the triples (Y, ^, g) with Y a definable subassign- 
ment oi X[0, n, 0] for some n > 0, and ^ : Y ^ h[0, 1,0] and g : Y ^ h[l,0, 0] 
definable morphisms. A morphism (Y',S^',g') — ?> (Y,^,g) in Q^'' ^ defin- 
able morphism h : Y' Y which makes a commutative diagram with the 
projections to X and such that ^' = h and g' = g oh. 

To the category Q'^x^ one assigns a ring Q,^^^{X) defined as follows. As 
an abelian group it is the quotient of the free abelian group over the symbols 
[y, (7] with (y, ^,51) in Q^x^ by the following four relations 

(4.2.3) [Y,i,g\ = [Y\i',g'] 

for (y, ^,(7) isomorphic to (Y' , g'), 

2 4^ u y, 5] + [y n y, eimy , 9\YnY'] 

= [Y,ClY,giY] + [Y',^lY',9\Y'] 

for y and y' definable subassignments of some common X[0,n, 0] for some 
n > and ^, 51 defined on y U Y' , 

(4.2.5) [y,^,^ + ^'] = [y,^ + ^',<^] 

for g' : Y /i[l,0,0] a definable morphism with OTd{g'{y)) > for all y in 
y and g' the reduction of g' modulo the maximal ideal, and 

(4.2.6) [y[0,l,0],e+P,5] =0 

when p : Y[0, 1, 0] — ?• h[0, 1, 0] is the projection and when g and ^ factorize 
through the projection Y[0, 1,0] ^ y. 

Lemma 4.2.7 ([9]). VFe ma?/ endow Q^^^{X) with a ring structure by setting 

[Y,tg] ■ [Y',^',g'] = [Y ®x Y',^opY + C' opY',g°PY + 9' °PY'], 

where Y ®x Y' is the fiber product ofY and Y' , pY the projection to Y , and 
PY' the projection to Y' . 

By [9] there is a natural injection of rings Q{X) Q'^^p(X) sending \Y] 
to [y, 0,0]. Hence, we may define the ring '^^^^{X) of motivic exponential 
functions by 

(4.2.7) 'r^^P(X) := ^(X) ®Q(x) Q""P(^). 

Remark 4.2.8. Note that in [9], Q{X) is denoted by ifo(RDefx), Q''''^{X) 
is denoted by Ko(RDef^P), and '^^^p(X) is denoted by C(X)^^p. 

Let be a motivic exponential function in ^'^^^{X[m^ 0, 0]) for some m > 
0. Using notation from |9], we say that F is (motivically) X-integrable if 
and only if its class in C™(X[m,0,0] ^ X)^^p lies in IxC(X[m,0,0] ^ 
X)*^^P, where X[m,0, 0] ^ X is the projection. Again the notion of X- 
integrability boils down to the classical of summability of countable families 
via cell decomposition techniques, see the end of Section 14.2.41 
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4.2.9. Motivic exponential functions and local fields. In this section we ex- 
plain, following [9], how to find actual functions fK,t(> ■ C for / G 
'^'^^P(X), K in Cq^m with M sufficiently large, ip € Vk, and X a definable 
subassignment. For / in '^{X) this was explained in Section 14.2.51 Take 
G = [Y,^,g] in Q*'''P(X), with Y C X[0,n,0], take representatives of Y, ^, 
and g, and let K be in Co, a/ with M sufficiently large, so that and gx are 
functions from Yk to /ci^, resp. to K. Then we define Gk,iP as the function 
sending x G Xk to the exponential sum 

which is well defined since ip is trivial on A4k, and since S,K{x,r) can be 
considered as an element of Ok mod Mk- Finally, for / € ^'^^^{X), K in 
Co,M with M sufficiently large, and %[) E P^^, we define /k,^ by 

//^,^ : Xii- ^- C : 2; ^ aiK{x)biK,-4;{x) 

i 

whenever f = Y,.ai®bi with Oj G -^(X) and 6^ G Q^^p(X). 

We recapitulate how fx,^ is independent of the choice of representatives 
for K in Co,m with M sufficiently large. For any two different collections Ci 
and C2 of representatives of the >CDP-formulas that go into the description 
of /, there exists M' such that for all K in Cq^m' and all ip G T)ki one has 
that fx,^ is independent of the choice of one of the Ci . 

4.3. The constructible setting. We find motivic analogues of our the- 
matic results, namely the analogues of the p-adic Theorems 13.1.11 13.1.21 and 

EXl 

Theorem 4.3.1 (Integration). Let f be in 'rf{X[m,0,0]) for some m > 
and some definable subassignment X . Then there exists g in ^{X) such that 
for all K in Co with large enough residue field characteristic, 

gxix) = / fKix,y), 

whenever x G Int(/i^, X/^). 

The special case of the above theorem when / is motivically X-integrable 
follows from fS] and [9]. 

Theorem 4.3.2 (Correspondences of loci). Let f be in '^(X[m, 0, 0]) for 
some definable subassignment X and some m > 0. Then there exists /ii, /i2) ^3 G 
'^(X) such that, for all K in Co with large enough residue field character- 
istic, the zero locus of hix in Xk equals Int(/i^, X/^-), resp. Bdd(/i^,X;^) 
resp. lva,{fK,XK), when i is 1, 2, or 3, respectively. 

The analogues of Corollaries 13.1.31 and 13.2.41 in the motivic context also 
hold by the same argument, but this is left to the reader (see also Corollary 
[3231 below). 
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Theorem 4.3.3 (Interpolation). Let f be in 'tf{X[m, 0,0]) for some m>0 
and some definable subassignment X. Then there exists g in '^(X[m, 0, 0]) 
such that the following hold for K in Co with large enough residue field 

characteristic. 

(1) fK{x,y) = gK{x,y) whenever x G lni{fK-,XK), and for all y G K'"'- , 



(3) g is (motivically) X -integrable. 

4.4. The exponential setting and transfer principles. The following 
two theorems constitute the general transfer principles and the main results 
of this paper. 

Theorem 4.4.1 (Transfer principle for integrability) . Let f be in '^^^^ {X[m, 0, 0]) 
for some m > and some definable subassignment X. Then, for all K G 
Co,M for some large M , the truth of each of the following statements depends 
only on the (isomorphism class of the) residue field of K . 

(1) For all X € Xk and for all ip € Vk, the function fK,ip(,x, •) is inte- 
grable over K'^, that is, Int(Xx, fK,ip) = Xk for all ip G Vk- 

(2) For all x € Xk and for all ip G T>k, the function fK,ii>ix, •) is locally 
integrable on K"^. 

Theorem 4.4.2 (Transfer principle for boundedness) . Let f be in ^'^^P(X[m, 0, 0]) 
for some m > and some definable subassignment X. Then, for all K G 
Co,M for some large M, the truth of each of the following statements depends 
only on the (isomorphism class of the) residue field of K. 

(1) For all X G Xk and for all tp G T>k, the function fK,i){x, ■) is bounded 



(2) For all x G Xk and for all ip G T>k, the function fK,ij}{x, ■) is locally 
bounded on K"^. 

The transfer principles will follow from motivic analogues of our common 
theme results, which we now state in our final, exponential setting. 

Theorem 4.4.3 (Integration). Let f be in '^'^^P(X[m, 0, 0]) for some m > 
and some definable subassignment X. Then there exists g in ^'^^^{X) 
such that the following holds for all K in Co with large enough residue field 
characteristic, and for all tp G T>k, 



Theorem 4.4.4 (Correspondences of loci). Let f be in '^''^P(X[m, 0, 0]) 
for some definable subassignment X and some m > 0. Then there exist 
/ii,/i2,/i3 G '^'^^P(X) such that, for all K in Cq with large enough residue 
fi,eld characteristic and for each ip G T>k, the zero locus ofhiK,t(> in Xk equals 
respectively lnt{XK, fK,^,)-, Bdd(XK, /k,i/.), and l\a.{XK, fK,i>), for i = 1, 2, 
or 3 respectively. 



(2) lnt{gK,XK) = XK, 



on K' 




whenever x G lnt{fK,tp,XK)- 
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Theorem 14.4.41 implies the following corollary by the same reasoning as for 
Corollary EXl 

Corollary 4.4.5. Let f be in '^'^^P(X[m, 0, 0]) for some definable subassign- 
ment X and some m > 0. Then there exist functions hi and /i2 in '^^^'^{X) 
such that, for all K in Cq with large enough residue field characteristic and 
for each tp S T^k, the zero locus of hiK,ip in Xk equals 

{x € Xk I fK,ipix, •) is locally integrable on K"^}, 

and the zero locus of h2K,ip in Xk equals 

{x G Xk I fK,i){x, •) is locally bounded on K"^}. 

Theorem 4.4.6 (Interpolation). Let f be in ^^^^{X[m^ 0, 0]) for some defin- 
able subassignment X and some m >0. Then there exist g in ^°^^{X[m^ 0, 0]) 
and M > such that for all K in Co,Ai and all ip E Dk one has 

(1) fK,ii;ix,y) = gK,tpix,y) whenever x lies inlnt{XK, fK,-4,), 

(2) lnt{XK,gK,tp) = Xk, 

(3) g is (motivically) X -integrable. 

Remark 4.4.7. By standard techniques of motivic integration, all the above 
results (14.4.11 to 14.4.61 and also the ones in the previous sections) imply the 
corresponding results where X[m, 0, 0] is replaced by an arbitrary subassign- 
ment U C X[m,0,0]. 

4.5. Proofs of the motivic results. We begin with some preliminaries. 

Definition 4.5.1. Consider a definable subassignment X. A residual parametriza- 
tion of X is by definition a definable isomorphism over X of the form 

g:X^ Xpar C X[0,m,0] 

for some m > 0. For F : X ^ Y & definable morphism, write Fpar for the 
corresponding definable morphism F o g~^ : Xpar — >■ Y- Likewise, given / G 
'rf^^P{X), write fpar for the natural corresponding function in '^^^^^{Xpar), 
and so on. 

Up to residual parametrization (i.e., up to replacing X by Xpar for a well- 
chosen residual parametrization) , all results of Section 13.31 go through in a 
uniform way, as follows. 

Definition 4.5.2 (Uniform cells). Consider A C A[1,0,0] for some definable 
subassignment A. Then A is called a uniform 1-cell, resp. a uniform 0-cell, 
over A if there exists M > such that for all K in Ao,M one has that Ak 
is a p-adic 1-cell, resp. a p-adic 0-cell, over Ak- 

The next theorem follows from Denef-Pas cell decomposition [23) and the 
results of [7], Section 6. 

Theorem 4.5.3 (Uniform version of Theorem 13.3.2) and Proposition 13.3.5)) . 

Consider X C A[1,0,0] with A and X definable subassignments and let 
fj:X^ /i[0,0, 1] and F : X /i[l,0, 0] be definable morphisms. Then, 
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up to replacing X by Xpar and replacing the fi and F correspondingly by 
{fi)par 0-nd Fpar for a well-chosen residual parametrization of X, the fol- 
lowing holds. There exist M > and a finite partition of X into definable 
subassignments A such that for all K in Ao,M, one has that the sets Ak 
and the restrictions of the functions {fj)K to Ak are as in Theorem \3. 3. Si 
Moreover, one can ensure that the restriction of Fx to any occurring Ak is 
as in Proposition \3. 3. 5l 

Up to using a residual parametrization, the uniform version of Proposition 
13.2.51 also holds, as follows. 

Proposition 4.5.4. Let X and U C X[m, 0,0] be definable subassignments 
and let /i, . . . , /s be in ^'^^^(C/). Then, up to replacing X by Xpar for some 
well-chosen residual parametrization g of X, U by Upar = g{U), and the fi 
correspondingly by {ft)par, the following holds. There exist an integer d>0, 
definable morphisms ha : U —?■ h[l,0,0], a definable surjection if : U —^Vc 
X[0, 0, t] for some t > 0, and functions Gu in ^'^^^[V) such that for each K 
in Co with large enough residue field characteristic and for each tp in T>k, 
conditions 1) and 2) of Proposition [3.2.5\ hold for d. feK,tp, Uk, Vk, ^k, 
huK, and GfiK,^- 

Proof. Note that the uniform analogue of Lemma 13.3.61 holds, up to a well- 
chosen residual parameterization, by the same proof (with m = 1 at the end), 
or, alternatively, by Theorem 2.2.2 of [9]. Now the proof of Proposition 13.2.51 
works uniformly in K in Ao.M for large enough M, where one uses Theorem 
I4.5.3l instead of Theorem 13 . 3 . 2l and Proposition 13 . 3 . 51 Note that the definition 
of ^''^P(-), and especially the part coming from Q^^P(-), allows one, up to 
suitable residual parameterization, to apply the uniform analogue of Lemma 
13.3.61 as in the p-adic case. □ 

From now on we will work and prove results for all K in Co,m instead of 
only in Ao,M, which will be allowed by the uniform nature of the above re- 
sults and by the classical Ax-Kochen principle of p,J for first order statements 
in the language £dp- 



Proof of Theorems \4. 3. 2 and \4.3.3 . If we allow ourselves to replace the given 



data using a residual parametrization g of X[m, 0, 0], then the results follow 
from the respective results and techniques from Section 12.21 and the uniform 
p-adic Cell Decomposition Theorem I4.5.3| analogously to the p-adic case. 
Note that, in particular and up to a well-chosen residual parametrization. 
Proposition 13.4.31 and the techniques with skeletons go through in a uni- 
form way. To get rid of the residual parametrization, one can proceed in 
various ways, depending of the objective. For Theorem 14.3.21 one uses squar- 
ing of the obtained constructible motivic functions hi to get new ones with 
nonnegative values and one integrates over the residual variables that were 
introduced by the residual parametrization g to find the functions as desired 
(as in ^J, Section 5.6, where this is called taking the push-forward along g~^, 
and denoted by {g^^)\). For Theorems 14.3.31 and I4.3.T| one gets rid of the 
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residual parametrization by integrating over the residual variables that were 
introduced by the residual parametrization. This finishes the proofs. □ 

Proof of Theorems \4-4-4\ ^^'^ \4-4-6\ If we allow ourselves an appropriate resid- 
ual parametrization g to replace the original data, one gets the desired results 
as in the proof of Theorems I3.2.2| and I3.2.3| using the uniform analogues 
of the p-adic results and techniques, in particular, using Proposition 14.5.41 
instead of Proposition 13.2.51 To remove the residual parametrization we pro- 
ceed again differently for the two theorems. For Theorem 14.4.41 note that, 
for any motivic exponential function, say H in ^*^^P(y), there exists another 
motivic exponential function H in ^'^^^{Y) such that for K G Co,m (as usual 
for large enough M) and for all y € Ix, one has that Hxiy) is the complex 
conjugate of Hxiy), where H can be obtained from H by changing the signs 
in the arguments of the additive characters. Hence, by replacing H hy H -H, 
one can assume that, as far as the zero locus of H is concerned, that H takes 
real, nonnegative values. Now just integrate motivically (in the sense of tak- 
ing the push- forward as in Section 3.6 of [9] along g~^) over those residue 
field variables that were created by the above residual parametrization g to 
obtain the desired results. This finishes the argument for Theorem 14.4.41 
For Theorem 14.4.61 one just integrates over the residue field variables that 
where created by the residual parametrization. □ 



Proof of Theorems \4- 3.1 and \4.4-'^ As the proofs of Theorems l3.1.11 and l3.2.1|, 



using Theorems 14 . 3 . 3 1 and 14 . 4 . 61 instead of Theorems 13.1.^ and [372 . 3 \ together 
with Theorem 9.1.4 of [9j. □ 

Proof of Theorems \4-4-l\ and \4.4-'^ For the first statement of Theorem l4.4.H 
resp. of Theorem 14. 4. 2| take hi, resp. /12, as given by Theorem 14.4.41 For the 
second statement of Theorem 14.4. H resp. of Theorem 14.4.21 take hi, resp. 
/i2, as given by Corollary 13.2.41 In all cases the proof is finished by applying 
the transfer principle Proposition 9.2.1 of [9j to hi and /i2- D 

Let us finally indicate how to obtain the Transfer Principles that are 
quoted in the introduction (above Theorem ll.O.ip . where we considered all 
non-trivial additive characters on K while in Theorem ll.O.H only characters 
from Vk are considered. These quoted transfer principles easily follow by 
noting that all non-trivial additive characters can be given in a family which 
falls under the scope of Theorem 14.4.11 
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